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Native American Mathematics Integrative Lesson On Tipi

(Lesson 13)

Solution Key and Teacher’s Guide

ACTIVITY #1 – Mathematical Elements of a Cone
1. Mark the radius of the paper plate and draw a dotted line.
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2. Cut along the radius line.
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3. Roll the circle into a cone, tape, and measure the height, radius, and diameter in cm.
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[image: image218.png]








4. Roll the cone into three different heights and measure the radius, surface area, and volume.

*In this activity, if R is the original radius of the paper plate, it will become the slant height when the plate is rolled into a cone shape. When the height of the cone is zero, the plate is flat, and the surface area is just the area of a circle (the plate), with radius R. And because there is no height, there is no volume. Students will choose various random heights when rolling their cones. When they measure the height of the cone (h) and the radius of the cone (r), there will probably be some measurement error – and that is to be expected. However, if their three heights are h1, h2, and h3, they should get the results in the table below. (With errors in measurements, some of their results may differ slightly – or greatly if their measuring errors are great!)
**NOTE: Because there is not a bottom to the cone (just the paper plate) the πr² portion of the formula for the surface area of a cone is omitted. The material used for the surface of a tipi is generally not also placed on the ground.
	Height
	Radius
	Diameter
	Surface Area
	Volume

	0
	R
	2R
	πR²
	0
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Related Questions

1.  Explain what happens to height, radius, and slant as the cone is rolled tighter.
SOLUTION:  As the cone is rolled tighter, the original radius of the paper plate (R) becomes the slant height of the cone. This value remains constant. (Watch the cut mark of the original radius (R) of the plate as the cone is rolled tighter. It remains the same length as part of the plate gets tucked under the rest of the plate.) 
While the slant height (R) remains constant, and more and more of the plate gets tucked under the rest of the plate, there is less of the plate showing. This implies that the surface area is decreasing. The formula for the surface area of the lateral part of the cone is LA=πrR. Because π and R are remaining constant, LA is directly proportional to r. So if the surface area is decreasing, the radius must be decreasing also. 
The radius (r), height (h), and slant height (R) form a right triangle (see diagram in #3 from lab activity above). From the Pythagorean Theorem we have r² + h² = R[image: image20.png]


. The only way this equation can remain true, while R remains constant, is h must increase when r decreases.
Finally, if we consider the flat plate to have no slant then as the plate is rolled tighter and the height of the cone increases, the slant of the cone also increases. Mathematically, this can be demonstrated by naming angle A the angle between r and R as in the diagram below.

Now [image: image22.png]sin 4



, so [image: image24.png]


. Because R remains constant, as h increases, so does [image: image26.png]R



. Using a trig table or technology device, it is easy to see that as the value of  [image: image28.png]R



  increases, so too does m∠A in the range between 0° and 90°. This shows that the slant of the cone increases as its height increases.
In summary, as the plate (cone) is rolled tighter, the height increases, the radius decreases and the slant of the cone increases.
2.  Is it possible to create a chart to show a trend or pattern?
SOLUTION:  Yes. Refer to the spread sheet in #2 of the “Extended Questions” and view the columns for height, radius, and slant.
3. Is it possible to have the height and radius the same number and still have a slant to your cone?

SOLUTION:  Yes. Initially, when the plate is flat, the radius is R and the height is zero. Gradually as the plate is rolled, the height increases and the radius decreases, approaching zero. At some point during this process, the height and radius will be equal. When the height and radius are the same number, we have h = r. The result is a right isosceles triangle and A must be a 45° angle (see figure below). Therefore, there is a slant to the cone, and it is precisely 45°.

4. What happens to the base of the cone as a slant increases in the cone?
SOLUTION:  The base of the cone, which contains no paper plate material except when the slant is 0[image: image30.png]


, will continue to diminish as the angle of slant increases. When the plate is flat and the slant is 0° the radius of the circular base (the plate) is R and its area is πR². As the slant angle increases, it has been shown that the radius of the circular base decreases. This means the radius will continue to get smaller and thus, the area of the circular base (πr²) will also get smaller, approaching zero as the height (h) approaches the slant height (R).
5. How is this shape related to a tepee?
SOLUTION:  The shape that is created by following the instructions in this lab activity is a right circular cone. Most tipis were cones, however some were not right but rather oblique cones. In addition, many tipis did not have a circular base. Instead some had oval or even egg-shaped bases.
Extended Questions

1.  Which combination of the configurations results in the maximum and minimum volume?
SOLUTION:  The volume of a right circular cone can be found using the formula:
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From Related Questions #1 solution, we have [image: image34.png]re
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 from each side results in [image: image38.png]


 and taking the square root of each side gives [image: image40.png]


.
Substituting this in for [image: image42.png]


 in the above volume formula, and then simplifying, we get:
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Because R is constant, the only variable in this formula is [image: image52.png]


. Now we write the volume of our cone as a function of height:
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We want to find the maximum and minimum values of this function. This is a cubic function with a negative leading coefficient, and no constant term. It is also an odd function. Its graph will be increasing as it passes through the origin. Setting the function equal to zero and solving for [image: image56.png]


 will determine the zeros of this function:
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Throwing out the value that would make the height negative, we see that the volume is zero when the height of the cone is zero, or R (the length of the original radius of the plate). When [image: image70.png]


, [image: image72.png]


 and when [image: image74.png]


, [image: image76.png]


. These are the combinations that result in the minimum volume for the cone, and that volume is 0.
Calculating the first derivative and setting it equal to zero will help us find possible local maximum and minimum values:
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(Because R is positive, we can disregard the negative root)

This means the maximum value for the volume will occur when the height is equal to the original radius of the paper plate divided by the square root of three. That is a legal possible value for [image: image88.png]


. Substituting this value back into the earlier equation for [image: image90.png]


, we get:



[image: image92.png]





[image: image94.png]





[image: image96.png]





[image: image98.png]





[image: image100.png]



Substituting the values [image: image102.png]P P
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 into the volume formula, we have:
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So the maximum volume will always equal [image: image112.png]


.

Summarizing, the minimum value for the volume is 0, and it occurs when h = 0 and r = R or when h = R and r = 0. The maximum value for the volume is [image: image114.png]


 and it occurs when [image: image116.png]P P



 and [image: image118.png]


.
2.  Create an Excel spreadsheet to present this information.
SOLUTION:  The following spreadsheet is an example that was created using an original paper plate radius of 12 cm. Increments of 0.5 cm were used for the various heights of the cone.
[image: image119.emf]R (cm)

12

Height (cm) Radius (cm) Diameter (cm) Surface A (cm²) Volume (cm³) Slant (°)

0 12.0 24.0 452.4 0.0 0.0

0.5 12.0 24.0 452.0 75.3 2.4

1 12.0 23.9 450.8 149.7 4.8

1.5 11.9 23.8 448.8 222.7 7.2

2 11.8 23.7 446.1 293.2 9.6

2.5 11.7 23.5 442.5 360.6 12.0

3 11.6 23.2 438.0 424.1 14.5

3.5 11.5 23.0 432.7 482.9 17.0

4 11.3 22.6 426.5 536.2 19.5

4.5 11.1 22.2 419.4 583.2 22.0

5 10.9 21.8 411.2 623.1 24.6

5.5 10.7 21.3 402.1 655.2 27.3

6 10.4 20.8 391.8 678.6 30.0

6.5 10.1 20.2 380.3 692.6 32.8

7 9.7 19.5 367.4 696.4 35.7

7.5 9.4 18.7 353.1 689.2 38.7

8 8.9 17.9 337.2 670.2 41.8

8.5 8.5 16.9 319.3 638.7 45.1

9 7.9 15.9 299.2 593.8 48.6

9.5 7.3 14.7 276.4 534.7 52.3

10 6.6 13.3 250.1 460.8 56.4

10.5 5.8 11.6 219.0 371.1 61.0

11 4.8 9.6 180.8 264.9 66.4

11.5 3.4 6.9 129.2 141.5 73.4

12 0.0 0.0 0.0 0.0 90.0


ACTIVITY #2 – (Scale) Estimating the Height of Tepees from Historic Photos

Related Questions

1.  Examine the tepee photos for clues that will help estimate the tepee height.
SOLUTION:  Without knowing any previous information about tepees, students will probably get their best clues from the people or horses that are in the pictures. According to a study conducted by Richard Steckel (Ohio State University), the average adult male Plains Indian, in the late 1800s, stood about 5 feet 8 inches tall (the tallest people in the world at that time!). Estimating that these six pictures were probably taken anywhere from the late 1800s to the early 1900s, it is probably safe to use 5’ 8” as a good estimate for any adult males in the photos. Various data researches seem to indicate the average female height tends to be around 5 inches shorter than the corresponding male, so a fair estimate for any adult females in the photo would be 5 feet 3 inches tall. Using horses to estimate heights would be a more difficult task, as there are large differences in heights when taking into account the breed, gender, and time period. Because there is a human in every picture, it might be safer to use people as the reference.
One last consideration is depth perception. It is important to note the distance the people are from the tepees, whether they are in front, beside, or behind the tepees, and approximately how far. Also, the distance from the camera to the objects in the photo plays a role in perspective (the property of parallel lines converging in the distance, at infinity). This will tend to make objects further to the rear look shorter than they are.

2.  What type of mathematical operations can be used to estimate the tepees’ height?

SOLUTION:  Generally, a student will use addition and/or multiplication to extend the height of each person as many times as necessary to reach the top of the tepee. It might be easier to convert the person’s height from feet and inches to just inches next. (Multiply 12 times 5 feet to get 60 inches and then add either 3 inches or 8 inches to 60 depending on whether the person is female or male, respectively.) Multiply this number by however many times taller the tepee is than the person. Finally, divide this large number of inches by 12 to convert it back to feet.
4.  Choose two tepee photos to estimate the height of the tepee poles. Create a visual to express how you made the calculations.
SOLUTION:  In some pictures, it can be very difficult to determine whether a person is male or female. Students can look at how the people are dressed to give clues. Even then, it may be hard to know for sure.
A. Assuming the two people standing in the middle of the photo are male and noticing that they are a few feet in front of the tepee, adjusting for perspective, it appears the vertical height to the top of the tallest pole is about 3½ times the height of the men. 

5’8” x 3.5 is about 19’10” so a good estimate for the vertical height from the ground to the top of the poles is about 20 feet.
[image: image120.jpg]



B. Assuming the taller person standing in the middle of the photo is male and noticing that he is a few feet in front of the tepee, adjusting for perspective, it appears the vertical height to the top of the tallest pole might be a little less than 3 times the height of the man. 

5’8” x 3 is 17’ so a good estimate for the vertical height from the ground to the top of the poles is about 17 feet.
[image: image121.jpg]



C. Assuming the person standing in the photo is female and noticing that she quite close to the front of the tepee, adjusting slightly for perspective, it appears the vertical height to the top of the tallest pole might be about 2½ times the height of the woman. 

5’3” x 2.5 is 13’ 1.5” so a good estimate for the vertical height from the ground to the top of the poles is about 13 feet.
[image: image122.jpg]



D. Assuming the person standing next to the horse is female (difficult to tell) and noticing that she is the same distance as the center of the tepee, it appears the vertical height to the top of the tallest pole might be about 3¾ times the height of the woman. 

5’3” x 3.75 is 19’ 8.25” so a good estimate for the vertical height from the ground to the top of the poles is about 20 feet.
[image: image123.jpg]



E. Assuming the shorter person standing on the left is female and noticing that she is a few feet in front of the tepee, adjusting for perspective, it appears the vertical height to the top of the tallest pole might be about 2¾ times the height of the woman. 

5’3” x 2.75 is 14’ 5.25” so a good estimate for the vertical height from the ground to the top of the poles is about 14 feet.
[image: image124.jpg]



F. *Assuming the person standing in front of the horse is female and noticing that she is quite a few feet in front of the tepee, adjusting for perspective, it appears the vertical height to the top of the tallest pole might be about 3 times the height of the woman. 

5’3” x 3 is 15’ 9” so a good estimate for the vertical height from the ground to the top of the poles is about 16 feet.
[image: image125.jpg]



Extended Question

Is it possible to maintain the original tepee height if a slant is added to the tepee?

SOLUTION:  This question is answered in Activity #3, question 2.

ACTIVITY #3 – Tepee Shape (Slant)
Related Questions

1.  If tepee anchor poles are 25 feet in length and intersect at V with a 5 feet overlap, estimate the length of the fourth pole at the V.
SOLUTION:  Answers will vary depending on the assumptions that are made. Students should justify their answers by describing what shape they think the base is (circular, oval, other), where on the base the original three pole are located and where the fourth pole will be placed, and if the tepee is shaped like a right cone or an oblique cone.
2.  Is it possible to maintain the height of a right cone tepee while increasing the slant?

SOLUTION:  In this problem, if the length of the pole remains constant, then the height of the tepee is calculated as follows:


[image: image127.png]sin
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     (     [image: image129.png]h=20-sinf







Here, [image: image131.png]


 is the angle the pole makes with the ground (the slant) and because the 25 ft. poles have a 5 ft. overlap, the slant height is 20. The height is then determined by 20 multiplied by the sine of the angle the pole makes with the ground. As the angle changes, so will the height. Therefore, in this case, it would not be possible to maintain the height while increasing the slant.
In order to maintain the height while increasing the slant, you would have to change the length of the poles. 




In the diagrams above, as the angle increases, the height remains constant, and the length of the pole (the slant height) decreases. To show this mathematically, we have:
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As [image: image137.png]


 (slant) increases, [image: image139.png]sin 8



 also increases, and the value of the fraction [image: image141.png]—



 decreases. So if we maintain the height, as the slant increases, the length of the pole (slant height) must decrease.
3.  Create a table to show the results of changing slant.

SOLUTION:  The table on the left is an example for various angles of slant where the length of the pole remains constant (20 feet). The table on the right is an example for various angles of slant where the height remains constant (15 feet).
	Slant (θ)
	Length of pole
	Height

	 1
	20
	0.349048

	5
	20
	1.743115

	10
	20
	3.472964

	20
	20
	6.840403

	30
	20
	10

	40
	20
	12.85575

	45
	20
	14.14214

	50
	20
	15.32089

	60
	20
	17.32051


	70
	20
	18.79385

	80
	20
	19.69616

	85
	20
	19.92389

	89
	20
	19.99695


	Slant (θ)
	Length of pole
	Height

	1
	859.4803275
	15

	5
	172.1056987
	15

	10
	86.38155725
	15

	20
	43.857066
	15

	30
	30
	15

	40
	23.3358574
	15

	45
	21.21320344
	15

	50
	19.58110934
	15

	60
	17.32050808
	15

	70
	15.96266659
	15

	80
	15.23139918
	15

	85
	15.05729756
	15

	89
	15.00228492
	15


ACTIVITY #4 – Volume

Related Questions

1.  Make a drawing to show a 3-dimensional shape of a right circular cone.


*Label the intersection of the three poles as V


*Label the base of the anchor poles as P,Q, and R.
SOLUTION:  Students should have a drawing that contains the elements listed above. One example is the following picture:

2.  What type of angle do the (PQR) anchor posts make?
SOLUTION:  Because this is a right circular cone, and the three poles all have the same length (with the same overlap), the points P, Q, and R will form an equilateral triangle on the ground. Therefore, each angle on ∆PQR will measure 60°. Additionally, each pole will form an angle with the ground (as the pole stretches up to point V). Because it is a right cone, these angles will also all be equal to each other. Without knowing the radius of the base of the circular cone, it is impossible to know this angle that is formed with the ground. The length from point V to the ground (point P, Q, or R) is 20 feet, because there is a 5 foot overlap. This means, if the poles were laying on the ground, the radius of the circle would be 20 feet, and V would be the center of the circle. As we begin to pull the poles off the ground from point V, their 20 foot length remains fixed and initially the angle they make with the ground is small – starting just above 0°. At first the tepee is very flat. As we continue to pull the poles higher, the radius of the circle will become smaller and smaller, the tepee will become taller and skinnier, and the angle the poles form with the ground will continue to increase. The angle will approach, but not quite reach, 90° as the radius of the circle approaches zero feet. In all cases, these angles will be acute.
3.  What type of math can be used to complete this table?
SOLUTION:  To complete this table, if we assume the tepee pole length remains 25 ft. and the overlap is 5 ft., then the slant height will always be 20 ft. Of the remaining three measures (radius, height, volume), if one of these values is known, the other two can be found. The Pythagorean Theorem expresses the relationship among the slant height, the radius, and the height. The formula for the volume of a right circular cone expresses the relationship among the volume, the radius, and the height. Therefore the types of math that are used are primarily algebra and geometry.
4.  Is there a relationship between radius and height in finding the maximum and minimum volume of a tepee with pole lengths of 25 feet?
SOLUTION:  Using the results from Activity #1, Extended Question 1, we know the maximum volume will occur when: 
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     and     [image: image145.png]


     (     [image: image147.png]



This implies that at the maximum volume, the relationship between the radius and height is the radius will be equal to the height multiplied by the square root of two.

Additionally, we know the minimum volume will occur when:


[image: image149.png]h=0andr = 20



          or          [image: image151.png]h=20andr





This implies that at the minimum volume, the relationship between the radius and height is one of them will be equal to the length of the pole while the other is zero – either way works.

5.  How does changing the angle of the tepee poles with the ground affect the radius, height, and volume of the tepee?
SOLUTION:  Using the results from Activity #1, Extended Question 1, we know that as the angle with the ground increases from 0 to 90 degrees, the radius decreases, the height increases, and the volume increases until it reaches a maximum at

[image: image153.png]


     where [image: image155.png]


 is the length of the pole (slant height).
*Refer to Activity #1, Extended Question 2 for an example of a spreadsheet that displays these results.
ACTIVITY #5 – Surface Area

Write the formula for the lateral area.

SOLUTION:  [image: image157.png]LA = mrl



    (where [image: image159.png]


 is the slant height of the right circular cone)

 *Alternate formula   [image: image161.png]LA
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    ([image: image163.png]


 is the height of the right circular cone)
Write the formula for the surface area.

SOLUTION:  [image: image165.png]SA=mnr®* +narl



    (where [image: image167.png]


 is the slant height of the right circular cone)

 *Alternate formula  [image: image169.png]SA=nr(r+VhZ +r?)



    ([image: image171.png]


 is the height of the right circular cone)
1.  Calculate the surface area of material needed to cover the tepee.
SOLUTION:  With 5 feet overlap, the length of the pole that will be covered is only 20 feet. This will be the length of the slant height of the cone. The diagram below displays the known information.

The radius of the cone can be found using the following trigonometric equation:


[image: image173.png]cos 40°



     (     [image: image175.png]r = 20- cos 40°



     (     [image: image177.png]r & 15.32 ft




Now, if we want to include material for the floor, we would use the formula for the Surface Area of a right circular cone:

[image: image179.png]SA=mnr®* +narl



     (     [image: image181.png]SA = m(15.32)* + m(15.32) - 20



     (     [image: image183.png]SA® 1699.9




So the amount would be about 1700 ft² of material.
But in most situations we would only want to cover the sides of the tepee (not the floor), so we would use the formula for the Lateral Area of a right circular cone:


[image: image185.png]LA = mrl



     (     [image: image187.png]LA =m(15.32)- 20



     (     [image: image189.png]SA % 962.58




So the amount would be about 963 ft² of material.

2.  Create a covering template using hide to create a tepee covering for the tepee.
SOLUTION:  Student templates will vary.
3.  How does a slant in the tipi affect the surface area?
SOLUTION:  If we consider a slant in the tipi to be the angle the poles make with the ground, then a 1° slant would create a short, flat tipi, and an 89° slant would create a tall skinny tipi. In addition, if we only plan to cover the sides of the tipi (not the floor), we would use the formula for Lateral Area ([image: image191.png]LA = mrl)



. Because π and the slant height (20 ft.) remain constant, the size of the radius will determine how large the Lateral Area will be. Smaller angles result in larger radii, and vice versa. The formula for Lateral Area is simply a direct variation. So, the smaller the angle is, the larger the radius is, and the larger the Lateral Area will be. Below is an example, using various angles, that shows the radius and the resulting Lateral Area for this specific situation.
	Angle
	Radius
	LA

	1°
	19.99695
	1256.446

	5°
	19.92389
	1251.855

	10°
	19.69616
	1237.546

	20°
	18.79385
	1180.853

	30°
	17.32051
	1088.28

	40°
	15.32089
	962.6398

	45°
	14.14214
	888.5766

	50°
	12.85575
	807.7507

	60°
	10
	628.3185

	70°
	6.840403
	429.7952

	80°
	3.472964
	218.2127

	85°
	1.743115
	109.5231

	89°
	0.349048
	21.93134


4.  For a given surface area and tepee pole length, is there an angle with the ground that will maximize the volume of the tepee?
SOLUTION:  The given surface area (in this case the Lateral Area) is determined by the formula [image: image193.png]LA = mrl



. “For a given surface area and tepee pole length” implies that [image: image195.png]LA



 and [image: image197.png]


 must remain constant in the formula. Because [image: image199.png]


 is also a constant, this mandates that [image: image201.png]


 must also remain constant. In other words, for a given surface area and tepee pole length, there is only one radius that will satisfy the conditions and work in the formula. If we let [image: image203.png]


 be the angle with the ground, then, as was shown in question 1;

[image: image205.png]cos 6



     (     [image: image207.png]l-cosB





But this means that as the angle with the ground, [image: image209.png]


, changes, then [image: image211.png]


 will also change. This contradicts the earlier assumption that [image: image213.png]


 must remain constant. Therefore, it is impossible to have more than one volume of the tepee when you have a given surface area and tepee pole length, and thus there is not an angle with the ground that will maximize the volume of the tepee.
 Activity #6:  Multivariate Calculus-based Considerations
Assume that each deer hide measures 10 square feet, each elk hide measures 20 square feet, and each moose hide measures 30 square feet.  

(a) Write down a function w = f(x,y,z) that describes the total amount of hide material as a function of the number of deer hides, x, the number of elk hides, y, and the number of moose hides, z.

SOLUTION:  Since each deer hide measures 10 square feet, the total square footage of deer hides is 10x.  Similarly, the total square footage of elk hides is 20y, and the total square footage of moose hides is 30z.  Summing these results, we have 

f(x,y,z) = 10x + 20y + 30z

square feet of hide material from the three animals sources combined.

(b) Compute the partial derivatives fx(x,y,z), fy(x,y,z), and fz(x,y,z) and explain qualitatively (i.e. physically) what each of these partial derivatives represents.  Do your partial derivative values make sense in light of the given information?

SOLUTION: Differentiating f(x,y,z) = 10x + 20y + 30z with respect to x immediately gives fx(x,y,z) = 10. (This is measured in square feet per deer hide.) Similarly, we have fy(x,y,z) = 20 and fz(x,y,z) = 30.  The quantity fx(x,y,z) represents the rate of change of the total amount of hide material with respect to x, the number of deer hides.  Since each deer hide contributes 10 square feet of total hide material, it makes sense that for each one additional deer hide, there will be 10 additional square feet of total hide material.  Thus, it is logical that the rate of change in the total amount of hide material (for each one additional deer hide) is precisely 10.  A similar discussion can be applied to the elk hides and moose hides.

(c) Describe the level surfaces of f.  Explain in words what these level surfaces represent.

SOLUTION: Level surfaces are obtained by setting the value of w = f(x,y,z) equal to a constant k.  That is, we have 

10x + 20y + 30z = k.

This is the equation of a plane.  All of the points (x,y,z) on this plane represent possible combinations of x, y, and z (that is, quantities of deer, elk, and moose hides) that will result in a total of k square feet of material.  Of course, for the physical nature of this problem, we must have x,y,z ≥ 0, so only a portion of this plane (lying in the first octant of 3-space) is compatible with the real-world nature of this problem.

For instance, if k =  1000, then there are many ways that we could obtain 1000 square feet of material using hide material.  For instance, we could use 100 deer hides (x = 100), or we could use 50 elk hides (y = 50), or we could use 10 deer hides, 30 elk hides, and 10 moose hides (x = 10, y = 30, and z = 10), or many other possibilities.  In fact, a plane contains infinitely many points, so if we assume that x, y, and z are non-negative real numbers, then there are infinitely many solutions to the equation above.

(d) Assuming that only whole numbers of hides are contributed to the material, how many different solutions (x,y,z) are there to the equation of the level surface w = 100?

SOLUTION: We are asked to count how many values of (x,y,z) with x,y,z ≥ 0 have 10x + 20y + 30z = 100.  This can be done most easily by exhausting a list of possibilities.  In this case, it is actually easiest to begin with z.  Notice that z ≤ 3 (otherwise, 30z already exceeds 100).  So we have z = 0, 1, 2, or 3.  Now we can examine each of these possibilities:

z=0: In this case, we have 10x + 20y = 100.  Here, we can take x = 10 and y = 0, or we can take x = 8 and y=1, or we can take x = 6 and y = 2, or we can take x = 4 and y = 3, or we can take x = 2 and y = 4, or we can take x = 0 and y = 5.  Therefore, our six solutions in this case are (10,0,0), (8,1,0), (6,2,0), (4,3,0), (2,4,0), and (0,5,0).

z=1: In this case, we have 10x + 20y = 70.  Here we can take x = 7 and y = 0, or we can take x = 5 and y = 1, or we can take x = 3 and y = 2, or we can take x = 1 and y = 3.  Therefore, our four solutions in this case are (7,0,1), (5,1,1), (3,2,1), and (1,3,1).

z=2:  In this case, we have 10x + 20y = 40.  Here we can take x = 4 and y = 0, or we can take x = 2 and y = 1, or we can take x = 0 and y=2.  Therefore, our three solutions here are (4,0,2), (2,1,2), and (0,2,2).

z=3:  In this case, we have 10x + 20y = 10.  Therefore, we must have x = 1 and y = 0.  The only solution is (1,0,3).

This gives us a total of 6 + 4 + 3 + 1 = 14 solutions.

(e) Assume that the number of hides of each type need not be whole numbers, but can be any non-negative real numbers.  Is there a reasonable way to measure the variety of options available (in terms of how many of each type of hide to use)?  [Hint: Think about volume.]

SOLUTION: A reasonable interpretation would be to consider the volume of the tetrahedron bounded by the three coordinate planes in 3-space along with the plane 10x+20y+30z = 100.  If we set z = 0, we obtain a triangle in the xy-plane bounded by the x-axis, the y-axis, and the line 10x + 20y = 100, or 

y = 5 – x/2.  This triangle forms the base of the  tetrahedron, and its volume can be computed by performing a double integral over the triangle of the function z = (100 – 10x – 20y)/30.

A picture of the domain in the xy-plane will be helpful.  The vertices of the triangle are (0,0), (0,5), and (10,0).  So we can integrate x from 0 to 10 (on the outside), and integrate y from 0 to 5 – x/2.  We are integrating the function z = (100 – 10x – 20y)/30. The value of this integral is 250/9, and is a measure of the number of ways that a total of 100 hides can be obtained from the three types of hides available.

(f) Compute the gradient vector, (f.  Explain physically what this vector tells us.

SOLUTION: The gradient vector is simply the vector of partial derivatives.  Therefore, from part (b), we have (f(x,y,z) = <10,20,30>.  This vector is perpendicular to the level surface of f at which point the gradient is evaluated.  In this case, the point of evaluation is irrelevant, since (f is a constant vector.  If we move in 3-space in the direction of (f, the rate of change of f is the greatest.  That is, physically the gradient vector points in the direction in which the value of f increases most rapidly with respect to the movement in 3-space.

Extension:  What Shape Minimizes Surface Area?
SOLUTION: Let us compute the surface area of each of the shapes in (1), (2) and (3):

(1) Hemisphere:

       The volume of a hemisphere is V = (2/3)πR3, where R is the radius of the hemisphere.  Thus, if V = 1, we can solve for R to obtain R = (3/2π)^(1/3) ≈ 0.7816 units.  Now the surface area of a hemisphere is A = 2πR2, from which we obtain A = 2π(0.7816)2 ≈ 3.8383 square units.  

(2) Cube:

      The volume of a cube is V = x3, where x is the side length of the cube.  Thus, if V = 1, we can solve for x to obtain x = 1.  The surface area of each side of the cube is x2, and there are 5 sides of the cube exposed to the outside air.  Thus, the total surface area of the cube exposed to the air is A = 5x2, from which we obtain A = 5(1)2 = 5 square units.

(3) Cone, with equal radius and height:

      The volume of a cone of radius r and height h is given by V = (1/3) πR2h.  In the case we are assuming, R = h, so that V = (1/3) πR3.  Thus, if V = 1, we can solve for R to obtain R = (3/π)^(1/3) ≈ 0.9847 units.  Now the surface area of the portion of the cone that is exposed to the outside air is given by A = πRs, where s is the slant height of the cone.  Since R = h, the Pythagorean Theorem allows us to find the slant height s via the formula s2 = R2 + h2 = 2R2, so that s =√2 R ≈ 1.3926 units.  Thus, A = πRs ≈ π(0.9847)(1.3926) ≈ 4.3082 square units.

Our conclusion from these three calculations is that, for a fixed desired volume, the hemisphere will have the least surface area and the cone will have the most surface area.  Thus, to decrease the exposure to outside elements that transcend the walls of the dwelling, one should seek to use a structure that is as close to the shape of a hemisphere as possible.  This is precisely the shape of an igloo, often used by Eskimos who live in the cold Arctic region.
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